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Abstract
We show that the vanishing of the one-loop beta-functional of the doubled
formalism (which describes string theory on a torus fibration in which the fibres
are doubled) is the same as the equation of motion of the recently proposed gen-
eralised metric formulation of double field theory restricted to this background:
both are the vanishing of a generalised Ricci tensor. That this tensor arises
in both backgrounds indicates the importance of a new doubled differential
geometry for understanding both constructions.
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1 Introduction
T-duality is a special property of string theory, it requires winding round compact
dimensions and so cannot be present in a theory of point particles. Given its impor-
tance, there have been many attempts over the years to make it manifest in a string
action, but usually this comes at a price. One is usually led to double the number
of fields, augmenting the usual co-ordinates, which are dual to momenta, with addi-
tional co-ordinates, which are dual to the winding number. In order to maintain the
requisite number of degrees of freedom some additional constraint is imposed, and
often some other symmetry of the Lagrangian is no longer manifest, such as Lorentz
or gauge invariance.
Recently Hull and Zwiebach proposed double field theory [1], taking inspiration
from closed string field theory, in which in the presence of toroidal directions the
string field must depend on the co-ordinate dual to the winding mode (alternatively
this dual co-ordinate can be thought of as the difference of left- and right-moving
pieces, where the ordinary co-ordinate is their sum, x˜ = xL − xR, x = xL + xR).
This theory was formulated to be a genuinely doubled theory, with doubled fields
depending fully on the doubled set of co-ordinates. For consistency it was required to
include the Kalb-Ramond anti-symmetric 2-form, b, and dilaton as well as the metric,
g, and was constructed to cubic order in perturbations around a background, where
the fields were required to obey a constraint arising from the level matching condition
of closed string theory; all fields had to be annihilated by the operator ∂˜i∂
i. Although
the double field theory possessed a new gauge symmetry to this order, this was not
at all manifest in the form of the action and certainly not trivial to show.
It was then shown that on imposition of a stronger form of the constraint, namely
that ∂˜i∂
i should not only annihilate fields, but also products of fields, a background
independent action could be written [2]. Further, this action took a much more elegant
form when written in terms of the ‘generalised metric’ H [3], which takes the form
HAB =
(
h−1 −h−1b
bh−1 h− bh−1b
)
, (1)
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whereas it had previously been written in terms of E = h + b. This ‘generalised
metric’ is so-called as it also appears in generalised geometry [4] as well as many
other attempts to fashion a T-duality invariant theory. In fact, the action could even
be written as an Einstein-Hilbert action for a ‘generalised Ricci scalar’ R, and the
equation of motion of the generalised metric H was the vanishing of a generalised
Ricci tensor RMN .
The strong constraint is so strong it implies that the theory is no longer truly
doubled, an O(d, d) rotation can bring it to a frame where the fields depend only on
the original co-ordinates x and not the x˜, and it can be shown to be equivalent to the
undoubled effective theory of the massless closed string fields. Construction of the full
double field theory without the strong constraint remains an open problem. Double
field theory can also be written in terms of a double vielbein which makes clear the
connection to the early work of Siegel [5, 6].
An alternative approach is to take a more worldsheet perspective and look at a
sigma model with a doubled target space. In [7,8] Hull formulated a sigma model with
a target it space which is a torus fibration (some earlier related work can be found
in [9–13]). The torus is then doubled, with the fields all depending only on the base
co-ordinates. This formalism as again centred around the generalised metricH. Again
the formalism was classically equivalent to the ordinary string sigma model, but now
with T-duality made manifest. Quantum equivalence was demonstrated using various
methods in [14–16]. The price of doubling the fibre co-ordinates was to introduce a
chirality constraint, the content of which was to say that in a certain frame half the
co-ordinates were left moving chiral bosons and the other half were right moving, thus
ensuring no excess degrees of freedom. In [15] this constraint was incorporated into
the action, the price of this being that Lorentz invariance was no longer manifest.
The method of [15] was to perform a background field expansion of this chiral
sigma model to one loop and examine the conditions for the vanishing of the beta-
functional. Recall that for the standard string sigma model with target space metric g
it is precisely this calculation that gives the requirement of vanishing Ricci tensor of the
background as the consistency condition following from Weyl invariance, determined
2
via the vanishing of the one-loop beta-functional of g [17]. Including the Kalb-Ramond
field and dilaton leads to more involved beta-functionals for each, the vanishing of
which is equivalent to the Euler-Lagrange equations following from a particular action;
this is then the well-known string effective action.
The requirement that the beta-functional of H vanishes in the doubled formalism
is the vanishing of a particular tensor, W . In this paper we demonstrate that in the
particular set up of the doubled formalism - a torus fibration with the fields only
depending on the base co-ordinates - the generalised Ricci tensor of the double field
theory reduces to the tensor W . This implies that the double field theory is the
effective field theory for the doubled formalism in this set-up. In some sense this is
not surprising as both are equivalent to the ordinary string, however, the appearance
of the generalised Ricci tensor (which is not just the Ricci tensor of the generalised
metric) in both formalisms is indicative of its importance in trying to find a more
geometric understanding of the doubled field theory. It also raises the question of
whether there is a more general chiral sigma model which leads to the generalised
metric formulation of the double field theory as its one-loop effective theory. We will
return to these issues in the discussion section.
The structure of this paper is as follows: first we shall briefly review the relevant
features of the doubled formalism and the background field expansion before rederiving
the one-loop beta-functional. In doing so we shall proceed differently to [15] in what
is ultimately a more satisfying manner, answering some questions that were not fully
examined before about the differences in the calculation for ordinary and doubled
chiral sigma models. Then we will introduce the double field theory in its generalised
metric formulation and hence show the equivalence of the vanishing of the one-loop
beta-functional of the doubled formalism to the equations of motion of the doubled
field theory in the fibred set-up, including the dilaton terms that were obtained in [18].
We end with a brief discussion.
3
2 Background field expansion in the doubled formalism
First we introduce the doubled formalism, and then provide a more covariant deriva-
tion of the results of [15] in which the requirements for the vanishing of the one-loop
beta-functional were obtained. This is the vanishing of a particular tensor, which we
will ultimately compare with double field theory generalised Ricci tensor. Extended
details of the calculation of [15] and related issues can also be found in [19].
2.1 The doubled formalism
In order to rewrite the string sigma model in a way in which T-duality is manifest,
Hull introduced the doubled formalism [7,8,20,21]. On a target space which is locally
a T n bundle the fibre co-ordinates are doubled to T 2n with T-duality acting as O(n, n)
rotations of this new doubled fibre. The apparent increase in degrees of freedom is
compensated by the introduction of a constraint. The Lagrangian, for d base co-
ordinates Y a and 2n doubled fibre co-ordinates XA is given by2
L = 1
4
HAB(Y )dXA ∧ ∗dXB + L(Y ) , (2)
where L(Y ) is the standard string sigma model Lagrangian on the base and H(Y ) is
a metric on the fibre.
One can choose a frame where H has the ‘generalised metric’ form
HAB(Y ) =
(
h−1 −h−1b
bh−1 h− bh−1b
)
, (3)
h and b are the target space metric and B-field on the fibre of the undoubled fibre.
In this frame XA = (X i, X˜i) with {X˜i} the coordinates on the T-dual torus. Indices
A,B, . . . are raised and lowered with
LAB =
(
0 1
1 0
)
, (4)
2Here we do not include a topological term, which plays no role here or a possible 1-form con-
nection for the fibration AA(Y ). We also use the conventions of [7] and [15], in particular we have
dropped a factor of 2pi multiplying all Lagrangians.
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the O(n, n) invariant metric as we have H−1 = L−1HL−1. This is the same as the
matrix (1) except for the allowed co-ordinate dependence, and we have chosen conven-
tions here to agree with [3] which means that H is the inverse of the conventions [15].
As this theory with H inverted is T-dual to the original theory, and both formalisms
are by construction T-duality invariant it is trivial to change the conventions, and we
will not deal with explicit expressions containing b and h anyway.
The constraint which makes sure we still have the requisite number of degrees of
freedom after doubling the fibre is
dXA = LABHBC ∗ dXC , (5)
Introducing a vielbein VA
A¯
one can shift to the chiral frame where
HA¯B¯(y) =
(
1 0
0 1
)
, LA¯B¯ =
(
1 0
0 −1
)
. (6)
In this frame the constraint (5) is a chirality constraint ensuring that half the XA¯ are
chiral Bosons and the other half are anti-chiral Bosons. In [15] it was shown that
using the PST procedure [22] to impose the chirality constraint in this frame leads to
the action
S =
1
2
∫
d2σ
[−Gαβ∂1Xα∂1Xβ + Lαβ∂1Xα∂0Xβ +Kαβ∂0Xα∂0Xβ] , (7)
where Xα = (XA, Y a) = (X i, X˜j, Y
a) and
G =
( H 0
0 g
)
,L =
(
L 0
0 0
)
,K =
(
0 0
0 g
)
. (8)
The equation of motion for the fibre co-ordinates is
∂1 (H∂1X) = L∂1∂0X, (9)
which integrates to give the constraint (5)3.
3Where we use the gauge invariance of the action under XA → XA+f(τ) to remove an integration
function of τ .
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3 The background field expansion
The background field expansion [23–25] allows the study the UV divergences perturba-
tively by expanding quantum fluctuations around a classical background which solves
the equations of motion. The expansion is chosen carefully to preserve the covariance
of the original action. Consistency of the ordinary string sigma model requires Weyl
invariance, and at one loop this is equivalent to the vanishing of the beta-functional
which famously requires that the Ricci tensor is zero [17]. Since the constraint (5) is
now incorporated into the action (7), following [15] we can find the requirement for
the vanishing of the beta-functional in the doubled formalism.
In [15] the algorithmic method of calculating the background field expansion devel-
oped in [26] was used (the details can be found in either). In the following expressions
Xα is the background field and ξα represents the quantum fluctuation. The first-order
term in the expansion in ξ is proportional to the equations of motion of X and van-
ishes, for a one-loop calculation we need the second-order terms in the fluctuations.
These are given by
2L(2) = −GαβD1ξαD1ξβ + LαβD0ξαD1ξβ +KαβD0ξαD0ξβ
−Rγαβδξαξβ∂1Xγ∂1Xδ + Lαβ;γξγ(D0ξα∂1Xβ + ∂0XαD1ξβ)
+
1
2
DαDβLγδξαξβ∂0Xγ∂1Xδ + 1
2
(LγσRσαβδ + LδσRσαβγ) ξαξβ∂0Xγ∂1Xδ
+2Kαβ;γξγD0ξα∂0Xβ
+
1
2
DαDβKγδξαξβ∂0Xγ∂0Xδ +KγσRσαβδξαξβ∂0Xγ∂0Xδ , (10)
and the effective action at second order is given by the integral of this Lagrangian.
3.1 Contracting maintaining covariance
The next step to obtaining the beta-functional is to Wick contract using propagators
for the fluctuations. Details of how to obtain the propagators are given in the appendix
of [15], in the chiral frame the fluctuation kinetic terms are those of chiral bosons in
flat space and we can obtain the propagators using techniques of [10, 11]. In moving
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the indices on fluctuations in our Lagrangian to the chiral frame the forfeit is that we
must introduce derivatives acting on vielbeins as ∂µξ
A = VA
A¯
∂µξ
A¯ + ∂µVAA¯ξA¯. Thus
we can use the contractions as if the indices are in the metric frame if we replace the
connection in covariant derivatives of fluctuations by the spin connection,
Dµξ
A = ∂µξ
A + ΓAµBξ
B → ∂µξA + ΓAµBξB + ∂µVAA¯V A¯BξB = ∂µξA + AAµBξB , (11)
where we take this as the definition of AAµB. We use the notation A
A
µB because in
the case of the non-doubled string sigma model there is a general argument that AAµB
cannot contribute to the one-loop divergence as it transforms as an SO(n) gauge
potential [23]. For now we will assume these terms will not contribute and drop them,
but we shall return to the issue later.
The contraction of two fluctuations is given by
〈ξα(z)ξβ(z)〉 = ∆0Gαβ + θLαβ, (12)
where ∆0 is the propagator of an ordinary boson (terms proportional to θ give a pos-
sible Lorentz anomaly, this was shown to vanish in [15] and we do reconsider them
here). Terms in the effective action containing two fluctuation fields ξ without deriva-
tives acting on them can be Wick contracted with the above propagator eliminating
the fluctuations and will contribute at one loop, we write these single contraction
terms as L(2s). To find all possible one loop terms should consider the exponential
of the effective action, and examining the structure of possible terms there will also
be contributions from terms at second order in the exponential which contain four
fluctuations, two of which have derivatives. To calculate their contribution we need
the following four-fluctuation contractions 4
〈ξγ∂1ξα∂1ξρξτ〉 = −∆0
(Gα[τGρ]γ − Lα[τLρ]γ) , (13)
〈ξγ∂1ξα∂0ξρξτ〉 = ∆0
(Gα[τLρ]γ + Lα[τGρ]γ)+ θLα[τLρ]γ, (14)
〈ξγ∂0ξα∂0ξρξτ〉 = ∆0
(Gα[τGρ]γ + 3Lα[τLρ]γ)+ θ (Gα[τLρ]γ + Lα[τGρ]γ) , (15)
4In these expressions we correct a factor of −1/2 compared to the presentation in [15].
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(assuming we have introduced the connection A, otherwise the indices should be in
the tangent space). These double contraction terms (which we will write as L(2d), we
will also write L(2db) for the base part of this etc.) come a factor of 1/4 down on those
in L(2s) due to the half in the exponential of the action and another half from squaring
the overall factor of a half that comes with L(2s) that we have chosen to write on the
right hand side to make expressions clearer.
In [15] at this stage multiples of the equation of motion were added to simplify
matters and the covariance of the expressions was lost. We will proceed differently,
maintaining the covariance of the background field expansion as long as possible and
not utilising the equation of motion unless strictly necessary.
The terms with a single contraction are
2L(2s)/∆0 = Rγδ∂1Xγ∂1Xδ + 1
2
(GαβDαDβLγδ − LγσRσδ −LδσRσγ) ∂0Xγ∂1Xδ (16)
+
1
2
(GαβDαDβKγδ − 2KγσRσδ) ∂0Xγ∂0Xδ . (17)
The double contraction terms which also contribute the the divergence enter at second-
order in the expansion of the exponential of the effective action and can be found
by squaring the terms in the effective action with Lagrangian (10) which have two
fluctuations, one of which has a propagator, i.e the terms
2
√
2L(2d) = Lαβ;γξγ(D0ξα∂1Xβ + ∂0XαD1ξβ) + 2Kαβ;γξγD0ξα∂0Xβ, (18)
and this leads to 6 possible terms in L(2d).
3.2 Base terms
Recalling that HAB∂gHAB = 0 and we find from the single contraction terms (16)
2L(2sb)/∆0 = Rgd∂1Xg∂1Xd (19)
+
1
4
(H−1∂gHL−1∂dH)∂0Xg∂1Xd (20)
+(
1
4
∂gH−1∂dH− Rgd)∂0Xg∂0Xd , (21)
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with the middle line vanishing due to properties of H and L. Note that Rgd is the bas
component of the doubled Ricci tensor, R(H), as opposed to the Ricci tensor of ggd,
which we will denote Rˆ. The double contraction terms then give
Lαb;γLρs;τ〈ξγ∂0ξα∂0ξρξτ 〉∂1Xb∂1Xs = −1
8
(∂gH−1∂dH)∂1Xg∂1Xd , (22)
2Lαb;γLρs;τ 〈ξγ∂0ξα∂1ξρξτ〉∂1Xb∂0Xs = 0 , (23)
Lαb;γLρs;τ〈ξγ∂1ξα∂1ξρξτ 〉∂0Xb∂0Xs = −1
8
(∂gH−1∂dH)∂0Xg∂0Xd , (24)
4Lαb;γKρs;τ 〈ξγ∂0ξα∂0ξρξτ〉∂1Xb∂0Xs = 0 , (25)
4Lαb;γKρs;τ 〈ξγ∂1ξα∂0ξρξτ〉∂0Xb∂0Xs = 0 , (26)
4Kαb;γKρs;τ〈ξγ∂0ξα∂0ξρξτ 〉∂0Xb∂0Xs = 0 . (27)
Thus the grand total on the base is
L(2b) = 1
2
Wgd∂µX
g∂µXd∆0 (28)
where
Wgd = −Rˆgd − 1
8
∂gH−1∂dH = −(Rgd − 1
8
∂gH−1∂dH) . (29)
This agrees with result of [15]. That result was calculated without dropping all terms
involving the connection A, whereas those terms were dropped here. We conclude
that they do not contribute to the divergence on the base, just as for the standard
sigma model. Note that in [15] it was stated that ‘vielbein terms’ did contribute in
general, unlike the ordinary string case, but the connection A is a combination of an
ordinary Christoffel symbol and the vielbein piece which has derivative acting on a
vielbein, so the statements are compatible.
3.3 Fibre terms
First we look at the single contraction terms. The Ricci tensor R, the result we expect,
is sitting there as the first term of (16). We also find
1
2
(GαβDαDβLγδ − LγσRσδ −LδσRσγ) ∂0Xγ∂1Xδ = 14(∂aH)L−1(∂aH)GD∂0XG∂1XD.
(30)
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with the first term cancelling the second and third terms and providing the extra
piece. Though not obvious, the K terms also contain a contribution on the fibre
(one should remember not to restrict indices to the base or fibre before acting with
covariant derivatives) given by
1
2
GαβDαDβKγδ∂0Xγ∂0Xδ = 1
4
(∂aH)H−1(∂aH)GD∂0XG∂0XD. (31)
The six double contraction terms are
LαB;γLρS;τ〈ξγ∂0ξα∂0ξρξτ〉∂1XB∂1XS = −1/32(∂aH)H−1(∂aH)GD∂1XG∂1XD, (32)
2LαB;γLρS;τ〈ξγ∂0ξα∂1ξρξτ〉∂1XB∂0XS = 1/16(∂aH)L−1(∂aH)GD∂1XG∂0XD, (33)
LαB;γLρS;τ〈ξγ∂1ξα∂1ξρξτ〉∂0XB∂0XS = −1/32(∂aH)H−1(∂aH)GD∂0XG∂0XD, (34)
4LαB;γKρS;τ 〈ξγ∂0ξα∂0ξρξτ〉∂1XB∂0XS = −1/8(∂aH)L−1(∂aH)GD∂1XG∂0XD, (35)
4LαB;γKρS;τ 〈ξγ∂1ξα∂0ξρξτ〉∂0XB∂0XS = −1/8(∂aH)H−1(∂aH)GD∂0XG∂0XD, (36)
4KαB;γKρS;τ 〈ξγ∂0ξα∂0ξρξτ〉∂0XB∂0XS = −1/8(∂aH)H−1(∂aH)GD∂0XG∂0XD. (37)
Now the equation of motion is
D1(Gαβ∂1Xβ) = Lαβ∂1∂0Xβ + Dˆ0(Kαβ∂0Xβ) , (38)
where as always hatted quantities are constructed from the base metric gab only. We
have seen the fibre part of this before as the constraint (5), and we could use this
here to cancel terms with different worldsheet index structure off against each other;
the single contraction terms other than the Ricci tensor (the result we want) would
cancel each other, and we can apply it to the six double-contraction terms beginning
at (32), but we find a non-zero remainder of
L(2df) = − 1
16
(∂aH)H−1(∂aH)GD∂0XG∂0XD. (39)
This difference from the result of [15] tells us that we are not allowed to disregard
the connection pieces on the fibre. It now carries doubled SO(n, n) doubled indices,
whereas on the base it still transforms as an SO(d) connection and cannot contribute
by the arguments of [23]. We will now confirm that including these connection terms
gives the correct answer.
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3.4 Connection terms
Recall that the connection is given by
Aαµβ = ∂µVαα¯V α¯β + Γαβγ∂µXγ. (40)
We are only interested in terms on the fibre, and since the vielbein is independent of
XA, this means the vielbein derivative piece cannot contribute. Further we can split
A into its diagonal and off-diagonal parts
AAµB = ∂µVAA¯V A¯B + ΓABg∂µXg , (41)
AAµ b = Γ
A
bG∂µX
G , (42)
Aaµ b = ∂µVaa¯V a¯b + Γabg∂µXg , (43)
AaµB = Γ
a
BG∂µX
G , (44)
and we see only the off-diagonal pieces will contribute to the fibre divergence. When
we examine the connection terms we left out before, once again there will be single
and double contraction terms. There are 5 single contraction terms, 2 of which are
linear in A.
GαβAα1 γAβ1 δGγδ = −
1
2
(∂aH)H−1(∂aH)GD∂1XD∂1XG, (45)
LαβAα0 γAβ1 δGγδ =
1
4
(∂aH)L−1(∂aH)GD∂1XD∂0XG, (46)
KαβAα0 γAβ0 δGγδ =
1
4
(∂aH)H−1(∂aH)GD∂0XD∂0XG, (47)
2Kαβ;γAα0 δGγδ∂0Xβ = −
1
2
(∂aH)H−1(∂aH)GD∂0XD∂0XG, (48)
Lαβ;γ
(
Aα0 δ∂1X
β + Aα1 δ∂0X
β
)Gγδ = −1
2
(∂aH)L−1(∂aH)GD∂1XD∂0XG. (49)
In addition there are 4 terms in the action of the form ∼ Aξ∂ξ. Previously in (18)
we had three such terms leading to six second-order two-contraction terms which did
not cancel, so it looks like we have 28 more terms. In fact on closer examination 3 of
the new ∼ Aξ∂ξ connection pieces cancel with the 3 original terms, leaving only one
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term, which squares to give only one second-order term (thus the 6 terms of (32) are
eliminated). To see this let us examine one of the new terms restricted to the fibre
2KαβAα0 γξγ∂0ξβ|fibre = 2KadΓdBGξG∂0ξa∂0XB = −2Kαβ;γξγ∂0ξα∂0Xβ|fibre (50)
where we recognise the this as cancelling the final term of (18) (we have dropped a
term which does not contribute to contractions as it is symmetric in (αγ)).
Thus the only remaining second order term is
GαβAα1 γGρσAρ1 τ 〈ξγ∂1ξβ∂1ξσξτ〉 =
1
2
(∂aH)H−1(∂aH)GD∂1XD∂1XG (51)
which cancels with the first line of (45) (exactly how it would work in the undoubled
case). The additional four terms of (45) cancel (30) and (31) without the use of the
constraint. Thus we have rederived the result of [15] that
L(2f) = −1
2
WGD∂1X
G∂1X
D∆0 (52)
where WGD = −RGD.
3.5 Doubled renormalisation
The result is that the the Weyl divergence is given by
SWeyl =
1
2
∫
d2σ
[−WGD∂1XG∂1XD +Wgd∂µY g∂µY d]∆0 . (53)
One may now proceed directly to regularise and renormalise the divergences coming
from ∆0 in the standard fashion. The following beta-functionals are obtained for the
couplings in the action
βGαβ = −
(
WAB 0
0 Wab
)
, βKαβ = −
(
0 0
0 Wab
)
, βLαβ = 0 . (54)
Demanding the vanishing of these beta-functions gives the background field equations,
the vanishing of WAB and Wab. Recall that while WAB = −RAB ,
Wgd = −(Rgd − 1
8
∂gH−1∂dH) . (55)
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In [15] it was shown that the vanishing ofW reproduces the background field equations
of the standard string in this set-up. Although this calculation includes only a metric
like object, it is equivalent to the string background field equations including the
anti-symmetric Kalb-Ramond field b as well.
4 Double field theory
Double field theory is a string field theory inspired approach to describing the massless
sting modes on a torus. It was introduced by Hull and Zwiebach in [1] and developed
in [2,3,27], later also with Hohm. Since in string field theory on a torus it is necessary
to treat the momentum and winding democratically, it is not surprising that a T-
duality invariant theory with the torus co-ordinates and extra co-ordinates dual to
the winding emerges. As the formalism developed it was first written in terms of
E = h+ b the sum of the metric and B-field, however more recently it has been recast
in terms of the generalised metric
HMN =
(
h−1 −h−1b
bh−1 h− bh−1b
)
. (56)
where the doubled co-ordinates are XM = (x˜m, x
m) and the original co-ordinates xi
can be compact or not.
In [3] the action of double field theory was cast as an Einstein-Hilbert term for
a generalised Ricci-like scalar R which is a function of the generalised metric H and
the doubled dilaton, d, which is defined by the relation
e−2d =
√
he−2φ. (57)
The action was
S =
∫
dx dx˜ e−2dR . (58)
for the generalised Ricci scalar
R = 4HMN∂M∂Nd− ∂M∂NHMN
− 4HMN∂Md ∂Nd+ 4∂MHMN ∂Nd ,
+
1
8
HMN∂MHKL ∂NHKL − 1
2
HMN∂MHKL ∂KHNL .
(59)
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The dilaton equation of motion is the vanishing of R, and the variation of the action
with respect to HAB is proportional to KABδHAB, where
KMN = 1
8
∂MHKL ∂NHKL − 1
4
(∂L − 2(∂Ld))(HLK∂KHMN) + 2 ∂M∂Nd
− 1
2
∂(MHKL ∂LHN)K + 1
2
(∂L − 2(∂Ld))
(HKL∂(MHN)K +HK (M∂KHLN)) .
(60)
However, the field equation is not simply the vanishing of KAB, as the variation of
H should preserve its coset form. In other words, since the original field satisfies
HABLBCHCD = LAD, the field after variation H′ = H + δH must satisfy the same
relation. This constrains the form of the variation and thus the field equation is the
vanishing of5
RMN = 1
4
(
δ PM −H PM
)KPQ
(
δQN +HQN
)
+
1
4
(
δ PM +H PM
)KPQ
(
δQN −HQN
)
(61)
=
1
2
(
KMN −H PM KPQHQN
)
. (62)
This gives the ‘generalised Ricci tensor’ that we can compare with the result of the
background field expansion of the sigma model (note that clearly from the projection
structure HMNRMN = 0, not R).
Note that we can observe that WMN has the right form in terms of the projections
(1±H)/2, as in [15] it observed that using the constraint (5) we could rewrite
− 1
2
WMN∂1X
M∂1X
N → 1
4
WMN∂µX
M∂µXN (63)
precisely because WMN = (WMN −H PMWPQHQN)/2.
The action (58) is invariant under doubled gauge transformations which includes
diffeomorphisms of h and ordinary gauge transformations of b. The gauge transfor-
mations act linearly on H (unlike their action on E) which leads to the notion of
a generalised Lie derivative whose commutator also introduces a modified Courant
bracket for the doubled fields.
5Or indeed in the notation of [28] this could also be written R = PKP¯ + P¯KP as the projector
appears naturally here.
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5 Reducing the generalised Ricci tensor
The double field theory is defined on a much more general manifold that the doubled
formalism, so in order to relate the tensors RMN and WMN we should reduce the
double field theory tensor on the appropriate fibred manifold. As we have not been
dealing with any global issues it is sufficient for our purposes to reduces on a trivial
bundle, the main points being that we the fields only depend on the base co-ordinates,
and we undouble the fields on the base. Explicitly:
• We split into a base and fibre parts using the notation Xα = (XA, Y a) where the
original (undoubled) co-ordinates xA of the XA are compact and the original co-
ordinates ya of the Y a are in general non-compact. This requires the reordering
the indices so that the base co-ordinates and their duals sit beside each other in
Y a. We take the metric to have block-diagonal form
Hαβ =
( HAB 0
0 Hab
)
. (64)
• We allow none of the fields to depend on the fibre co-ordinates, i.e. ∂AHAB =
∂AHab = 0.
• We undouble the base co-ordinates. Similar to showing the equivalence of the
double field theory to the ordinary string. Splitting Y a = (y˜a, y
a) this amounts
to setting ∂˜i = 0 on all fields. Once the base has been undoubled we will
normally have the same index conventions as for the doubled formalism, with
the splitting Xα = (XA, Y a).
• We take the anti-symmetric field b to vanish on the base so that
Hab =
(
gab 0
0 gab
)
. (65)
On the base Lαβ takes the form
Lab =
(
0 δab
δ ba 0
)
. (66)
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• The doubled dilaton is defined through
e−2d =
√
he−2φ, (67)
where h is the determinant of the undoubled metric on the whole space. From
the block-diagonal form of h′ we deduce
∂Ad = −1
4
gab∂Agab + ∂AΦ , (68)
where Φ is the doubled dilaton for the doubled theory on the fibre only, defined
through
e−2Φ =
√
h′e−2φ, (69)
where this time h′ is the determinant of the undoubled metric on the fibre only.
5.1 Evaluating K
There are 8 possible terms in Kµν
6 without the dilaton. Taking each of these in turn
we get
1
8
∂µHκλ ∂νHκλ = 1
8
∂mHKL∂nHKL + 1
4
∂mg
kl∂ngkl , (70)
−1
4
∂λHλκ∂κHµν = −1
4
∂lg
kl∂kHMN − 1
4
∂lg
kl∂kgmn − 1
4
∂lg
kl∂kg
mn , (71)
−1
4
Hλκ∂λ∂κHµν = −1
4
∂2HMN − 1
4
∂2gmn − 1
4
∂2gmn , (72)
−1
2
∂(µHκλ ∂λHν)κ = −1
2
∂(mg
kl∂lgn)k , (73)
1
2
∂λHκλ∂(µHν)κ = 1
2
∂lg
kl∂(mgn)k , (74)
1
2
Hκλ∂λ∂(µHν)κ = 1
2
gkl∂l∂(mgn)k , (75)
1
2
∂λHκ(µ∂κHλν) =
1
2
∂lg
k(m∂kg
ln) , (76)
1
2
Hκ(µ∂λ∂κHλν) =
1
2
gk(m∂l∂kg
ln) , (77)
6We allow Greek indices to be indices on the doubled total space (which we before denoted with
underlined Greek indices) for this subsection only to keep expressions clearer, and use µ, ν rather
than α, β so expressions can be identified with those of [3]. Elsewhere as in [15] µ and ν will be
reserved for worldsheet indices, but this should be obvious from context.
16
where (m. . . n) indicates symmetrisation over only the two outermost indices, defined
such that in is idempotent (i.e. ((m. . . n)) = (m. . . n)). Note that while doubled
indices such as µ, ν, κ, λ, . . ., M,N, . . . or m,n . . . are raised with the O(p, p) metric L
for the relevant p, the undoubled indices m,n, . . . are raised with gmn. It is important
to notice that, for example, there are two contributions to the second term of (70)
because the base is doubled, that is
1
8
∂mHkl∂nHkl = 1
8
∂mg
kl∂ngkl +
1
8
∂mgkl∂ng
kl =
1
4
∂mg
kl∂ngkl . (78)
There are four terms in Kµν featuring the doubled dilaton d. Even when doubled
formalism dilaton Φ = 0 these give which contributions to Kµν via the first term in
(68). The four terms give us respectively
1
2
∂λdHλκ∂κHµν = −1
8
gab∂kgab∂kHMN , (79)
2∂µ∂νd = −∂ngkl∂mgkl − gkl∂n∂mgkl , (80)
−∂λdHκλ∂(µHν)κ = gkp∂qgkp∂(mgn)q , (81)
−∂λdHκ(µ∂κHλν) = −
1
2
gkp∂lgkp∂
lgmn (82)
(we will return to the case of non-zero Φ later). We note that these dilaton terms can
be written as
− 1
2
gkl∂pgkl
(
Dˆµ(gpn∂
µXn)− 1
2
∂pHMN∂1XM∂1XN
)
(83)
which is proportional to the equation of motion and so vanishes on-shell.
5.2 Evaluating R
Recall that the generalised Ricci curvature of [3] is actually given by
Rµν = 1
2
(
Kµν −H κµ KκλHλν
)
. (84)
Combining all the fibre pieces of K we obtain
KMN = −1
4
∂2HMN − 1
4
∂lg
kl∂kHMN − 1
8
gab∂kgab∂kHMN (85)
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and we can thus use
H(∂2H−1)H = 2(∂aH)H−1(∂aH)− ∂2H (86)
and
Γkabg
ab = −∂lgkl − 1
2
gab∂kgab (87)
to determine
RMN = −1
4
∂2HMN + 1
4
(
(∂aH)H−1(∂aH)
)
MN
+
1
4
Γkabg
ab∂kHMN . (88)
This we compare with
−WMN = −1
2
∂2HMN + 1
2
(
(∂aH)H−1(∂aH)
)
MN
+
1
2
Γkabg
ab∂kHMN . (89)
Turning out attention to the base we observe
H kmKklHl n =
(
gmkKklg
ln gmkK lk gln
gmkK
k
lg
ln gmkK
klgln
)
. (90)
and since Kmn has only diagonal pieces this leads to
Rmn = 1
2
(
Kmn − gmkKklgln 0
0 Kmn − gmkKklgln
)
. (91)
Let us examine Rmn = (Kmn − gmkKklgln)/2 noting that if it vanishes, then so will
Rmn = −gmkRklgln. So we must lower parts of K with both base indices up and
subtract them from those with both indices down. After using identities such as
gnl∂k∂mg
kl = −∂mgkl∂kgnl − ∂kgkl∂mgnl − ∂l∂mgnl (92)
we obtain the answer
Rmn = ∂kgkl∂mgln − 1
2
∂kg
kl∂lgmn + ∂
l∂mgnl − 1
2
∂2gmn (93)
−1
2
∂ng
kl∂mgkl − 1
2
gkl∂n∂mgkl (94)
1
2
gkp∂qgkp∂mgqn − 1
4
gkp∂lgkp∂
lgmn (95)
+
1
2
∂kgmlg
lq∂kgqn − 1
2
∂kgml∂
lgkn − 1
4
gkpglq∂mgpl∂ngqk (96)
+
1
8
∂mHKL∂nHKL (97)
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where we recognise the Ricci tensor of g, Rˆmn, and we conclude
2Rmn = Rˆmn + 1
8
∂mHKL∂nHKL = −Wmn. (98)
Clearly the vanishing of Rµν is equivalent to the vanishing ofWµν , with in fact Rmν =
W ′µν .
5.3 Including the dilaton
Working from the double field side lets us easily see what how the dilaton should fit
into the beta-functionals, and agrees with the results found in [18]. Using (68) in the
expressions for Kµν for non-zero Φ one finds additional contributions
RΦ MN = 1
2
∂lΦ∂
lHMN , (99)
RΦ mn = ∂m∂nΦ− Γˆlmn∂lΦ , (100)
which we recognise as
RΦ µν = DµDνΦ . (101)
Given the results of the previous section, including this dilaton corresponds to a
modification of the beta-functional of the form
Wµν →Wµν − 2DµDνΦ , (102)
which is as expected from [18] (the factor of 2 is simply due to the different normal-
isation of the dilaton used there). Let us remind ourselves why contributing to the
beta-functional in this way is a defining property of the dilaton [29]. Though vanish-
ing of the beta-functional is sufficient for ultraviolet finiteness of the ordinary string
sigma model, it is not necessary; if the Ricci tensor is of the form
Rmn = D(mvn) (103)
then at one-loop we can remove the divergence using a field redefinition. However,
Rmn = 0 is also required for the vanishing of the Weyl anomaly and hence the con-
sistency of string theory in this background. What is more, a Ricci tensor of the
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form (103) gives a contribution to the Weyl anomaly that cannot be removed by a
field redefinition. This contribution can however be removed by adding a finite local
counterterm to the effective action if vn = DnΦ for some scalar Φ. This counterterm
is the Fradkin-Tseytlin term coupling the dilaton Φ to the string worldsheet. Hence
in the presence of a dilaton the beta-functional of the metric is modified in the man-
ner of (102). In [18] it was demonstrated that this generalised metric beta-functional
including Φ reproduced the dilaton contributions to the beta-functionals of g and b
in the undoubled sigma model (the first contribution to the dilaton beta-functional
itself appears at two-loops in the background field method, but can be determined
indirectly from the other beta-functionals via an integrability condition).
6 Discussion
We have shown the equivalence the vanishing of the one-loop beta-functional, or
equivalently one-loop Weyl invariance, of the doubled formalism (expressed as the
vanishing of W ) and the vanishing of the generalised Ricci tensor in the doubled
formalism, which follows from the Euler-Lagrange equation of the generalised metric
K. This was in a fibred background where the fields on the fibre did not depend on
the fibre co-ordinates, which raises the question of whether there is a more general
chiral sigma model which gives the generalised metric formulation of the doubled field
theory without restricting to this fibred background. This is something we hope to
report on in future work. There are of course difficulties in writing a more general
sigma model for the doubled formalism, which is why the co-ordinate dependence of
H was restricted in the first place, further work on this issue appears in [30,31]. The
utility of such a sigma model performing the background field expansion of such a
sigma model to higher order would lead to higher-order corrections to the doubled
field theory (this may be a more practical way of finding higher order corrections to
the string theory effective action including b automatically).
When we performed the background field expansion we did things in a different
manner to [15]. We maintained the covariance of the expressions as much as possible,
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showing that it is not required to add terms proportional to the equations of motion.
Adding these terms corresponds to a field redefinition and hence we showed such
a redefinition is unnecessary. We also demonstrated that one is not able to drop
‘connection terms’ on the fibre as these do contribute, unlike the standard string case,
or indeed the fibre part of this calculation. Due to the chiral action on the fibre the
connection no longer enters as a minimally coupled gauge field and arguments that
it cannot contribute to the Weyl anomaly at this order no longer stand. Performing
the calculation in this way is less involved and provides a better understanding that
should also be useful in the search for a more general sigma model.
It was remarked in [15] that WMN was not the Ricci tensor of H, though it did
take a similar form. In the more general case of the double field theory there are
many more index structures that can contribute, and it is also clearer that RMN , the
generalised Ricci tensor, is not the same as the Ricci tensor of H. The connection of
RMN to the result of the background field expansion of a sigma model strengthens
the case that it should be considered a Ricci tensor like object. A doubled geometrical
picture in which this Ricci tensor emerges has also been sought recently in [28, 32]
and in [33] it was obtained from a construction involving a semi-covariant derivative
whose connection depends on the doubled dilaton. Similar technology was used for a
doubled Yang-Mills theory [34].
Another instance in which a Ricci like tensor occurs in a doubled theory is Poisson-
Lie T-duality [35]. Indeed it follows after a background field expansion similar to those
performed here [36, 37]. One can ask if this more group-theoretic object can also be
related to the double field theory Ricci tensor we have discussed. More recently an M-
theoretic equivalent of the doubled geometry has been proposed [38, 39]. Here rather
than extra dual co-ordinates for string winding modes you must introduce a greater
number of dual co-ordinates representing possible membrane and fivebrane windings.
This should be related to the double field theory by dimensional reduction [40]. Then
one can wonder about what new structures are needed for a differential geometry of
this new generalised M-theory geometry and whether this might allow some insight
beyond the supergravity approximation in M-theory. It the presence of fundamental
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extended objects (equivalently the form-fields they couple to) that leads to the new
dual dimensions via winding (and the form-fields combine with the metric in a new
geometric object). These new geometric objects make manifest hidden symmetries
of the theory, and since the existence of these form-fields is linked to central charges
from supersymmetry one wonders if things will become clearer if we are able to include
fermions.
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